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Abstract: Throughout in this paper we consider generalized relative order of a function of several complex
variable analytic in the unit poly disc with respect to an entire function and prove several theorems.
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Introduction,Definition,and Notation.

In the unit disc U: {z: |z| <1} a function
f analytic, is said to be of finite Nevanlinna order
[4] (Juneja and Kapoor 1985) if there exists a
number p such that Nevanlinna characteristic
function T'(r, f) of defined by

1 7 .
T(r,f) = E,f log*|f (re®?)|do
0

satisfies

T(r,f)=Q0Q-r)*
forallrin 0 <ry(w) <r<1

Thus the Nevanlinna order p(f) of f is given by

Y logT(r.f)
p(f) - hm‘r’—>1 Sup lOg(l—‘l")_1
Introduced the idea of relative order of an entire
function in [1] Banerjee and Dutta which as
follows-

Definition 1. If in U, fis an analytic and g be
entire , then the relative order of f with respect to
g, denoted by

u>0:Te(r) <Ty,

)]

vo<ry(w<r<i1

pg(f) = inf

When g(z) = exp z then the definition 1 coincides
with definition of Nevanlinna order of f.

Definition 2. Let f(z,,z,) be non constant
analytic function of two complex variables
z, and z, holomorphic in the closed poly disc
P: {(z1,2,) : |Zj| <1;j =12} and g(z,z,) be
an entire function then relative order of f with
respect to g is defined by

pg(f) =
u >0: F(rlJTZ)

inf 1 1
<G ((1—7’1)“' (1—r2)u) M0 < TO(.“) <rn,nrn<l

Dutta [5] introduced the following definition.

Definition3. Let two entire function
f(z4,24, ..., zy) and g(zy, 2, ...., z,) Of n complex
variables with  maximum modulus functions
F(ry, 1y, ...,1) and G(ry, 1y, ....,1,) respectively,
then relative order of f with respect to g defined by
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pg(f) =inf{u>0: F(ry, 1y, ...,1)
<Gl ... v )form
>R(u);i=123,..n}

Dutta [6] introduced in this paper the following
definition.

Definition 4. Let

f(z1,22, ., Zy)

1 mp
Conymy..mp Z1 2y = v Zp

be a function of n complex variables z;,z,, ...., z,
holomorphic in the unit poly disc

P: {(z1,2) : |z| < 1;j = 1,2} and the maximum
modulus,

F(ry,ry, .., 1)

= max{IF(Zl,Zz; ----;Zn)l | | =7
=1,2, ,Tl}

The order p and lower order A are defined as

p
loglog F(1ry, 75, .., 1)

—log(l—-r)(A—-r)...(1—mn)

= lim sup
r1,72,..,Tn—1

and
A
= lim inf

71,72, n—>1

loglog F (11,75, oy 1)
—log(1—r)(A—-1ry)...(1 —1r,)

Definition 5. In the closed unit poly disc ,
f(z4,24,....,2z,) be a non constant analytic of
several complex variables P :{(zy,zy, ..., 2,)
|zj| <1;j= 1,2,....,n} and g(zy,2y,....,2,) be
an entire function then relative order of f with
respect to g denoted by

1398
( u>0: F(r,ry, .., 1) 3
/ 1
1—r)* (1 —1y)*’
0o = inf <[ A=F A= ||
.’(I—Tn)”
\ 0 <rog(u) <r,my e, <1 J

where  G(ry, 1y, .., 1) = max{lg(zl,zz, e Zp)|
|zj| =1;]= 1,2,....,n}.

when g(zy, z,, ..., z,) = e*t#2-%n then definition 5
coincides definition 4 and if n = 2 then coincide
with definition 2.

Definition 6. An entire function g(z,, z,, ..., Z,)
is said to have the property (R) if for any o >
1,A >0 and for all r; sufficiently close to 1; i =
1,2,...,n

2
G [((1 —1r1)h a —1r2)lz SR —]Lrn)ﬁnﬂ

G( 1 1 1 )
(A=) (A =1 )" ((A =nr)H)e

If (24,25, ..., 2n) = Z12, ... Z, has not property of
(R) but g(zq,2zy ...,2,) = e*%2n  has the
property of (R) those in available in [3] and [4].
Dutta and Jerin introduced the idea of generalized
relative order.

Definition 7. Introduced the idea of generalized
relative order in [1] Nevanlinna’s characteristic
function of f is denoted by T(ry,75,...,7,). The
relative generalized Nevanlinna order of an analytic
function f in unit U with respect to another entire
function g are defined by

PP (f(r,ms o)) =

log Tg Tr(ry, 12 s 1)
—log(1-r)(A—-ry)...(1—1)

Lemma 1. [6] If entire function f have the
property of (R). Then for any positive integer n and
forallo > 1,1 >0,

lim sup
71,72,..u n—1
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G [((1 —1r1)’11 A —1r2)’12 SR G —1rn)ln)]n

and

G( 1 1 1 )
(A =r)H7 (A=) (A =n)H°

Wherer;,0<nr; <1,i=12,...,n

Lemma 2. [6] If g is entire function then

(g - K¢ —1rz)' e —1rn>)

1 1 1 )

= toe6 (=5 =y G

< 3T, 2 2 2
<30 (T T a)

Forall vy, 1y, ...,1,,0 < 1,75, ..., 15, < 1.

Theorem 1. Letin U, f be analytic of generalized
relative order pf (f) where g is entire . Let € > 0
be arbitrary

Tr(ry, 12 s ) =

1 1 ng(rl,rz.---,rn)‘l'&'

0| 1ogG | explp-11{ @70 D)

Y (1-74)

holds for all 1,7y, ...,1,,0 <71, 7y, .., 1, <1,
conversely if for an analytic f in U and entire g
having the property (R)

Tr(ry, 12 s ) =

1
0| logG | explr—1 1=r) (1 e \‘\‘

= )

1, <1,

holds for all 7,7y, ..,1,0 <11y, ...,
sufficiently closed to 1, and

1399
Te(ry, 12, s Ty) =

1
0| logG | explr—1 Sy (l_rZ) \\

) )

does not holds for all LTy e Ty, 0 <

LTy, Ty < 1, then
k = ng(rpTZ’ "'lrn)

Proof. From the definition of generalized relative
order, we have

Tf(rl,rz, v Ty) = T,

1 1 pgf(r1'r2r---rrn)+€

kexp[p_l] 1-r)' (A-1)’

I
e ) J

for0 <nr,ry,..,m <1, or

Te(ry, 12, s Ty) =

1 1 ng(r1;72,---rrn)+€

logG | explp—tl( @7 (11_T2)

Y (1-74)

0< 7,1y, .., <1, by lemma 2 so

Tr(ry, 12 s ) =

1 1 ng(r1.rz ----- Tn)+e

0| logG | explp-11[ @77 (11_r2)

" (1-m)

conversely, if

Tf(rl,rz, o Ty) =
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0| logG | explr—1

(1 - rn)

holds for all 74,7y, ...,1,,0 < 711,75, ...,

Tr(ry, 12, s )

1
= [a]log G |/exp[p1] /( —1)’ (1 - rz) \
) )
> 1,
[
=%log|6| expP—1] /( —11)’ (1—r2)’\ \|
) )

<-logG / exp!P~1l (1- 7”1) (1 B Tz) '\
s )

By lemma 1 forany o > 1,

Wl =

<T,|2| explP~4

1 W]
1-r)’ (1 - rz) |
a )

by lemma 2 since

)T

1 1 k+e\ ¢
(1_7"1),(1_7”2),\ \‘

ww

log T, Ty (ry, 12, ...

<log2

+ log| explr—1

1 1 k+£\\
a —7”1)'(1 —13)
) )

1, <1, then

_[3a]

)
/

1400
1 k+e

1
[p-2] /(1 ) (1—1)’
1
" (1 - rn)

< ogexp +0(1)

Since,
log!® T, A T (ry, 1, o, )

1
1-r)'A-r)’
1

< exp!P~3l + 0(1)
MEETS)

So

(a)

) loglP!IT, Ty Tp(r1,rp,mn)
lim, ., - _1-sup <k+e

—log(1-r))(1-712)...(1-1) —

Since € > 0, we have

log!? Tg Tr(ry, 125 000 1)

—logll—r)A—-1ry)...(1 —1r,)
<k

lim

Sup
T1,72,00Tn—>1—

r,1, ..., T, tending to 1 — then there exist a
sequence {r,} for which

\
) )
1 11 '\H\|

Tr(ry, 125 s )

— lOgG exp[p—l] (1 rl) (1 - TZ)

(1 - Tn)

1-r)' (1-1r)

s ) )

>T, | explP~4

by lemma 2 and so

(b)

) log!P] Ty Tr(ry,r2,mn)
hmrl,rz,...,rn—>1— sup

>k—=¢

—log(1-r)(A-1p)...(1-1) —
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forr = 1,1y, .., > 1— combining (a) and Ty, (11,72, oy Ty)
in L o— AP
(b) we obtain k = p, (f(rl,rz, ...,rn)) . . p2+€\
hence proof the theorem. <1, explP~1] /(1 — 1) (i —13)
SUM AND PRODUCT THEOREM ,(1—
- rn)

Theorem 2. In the unit disc U, having f; and f, of
generalized relative orders p? (f;(ry, 7, ..., 7,)) and

1 1 P2+€\
py (f2(r1, 12, ..., 1)) respectively, where g is entire <logG| explP~1 /(1 —7) (i_ 2) )

having the property (R) then
g property (R) 1—7)

(l) Pg(ﬁ(rprz; "'irn) + fz(rprz' '"irn)) =<

Using lemma 2 for all r,n,..,75,0<
max{pg(fl(rlirZi'--Jrn))Jpg(fZ(rlrrZJ---;rn))} i "

T, Ty, o Ty < 1, sufficiently close to 1

.. P
(”’) Pg (fl(r1!r2! "'rrn)'fZ(rler' ""rn)) = Tf1¢f2 (7"1'7”2' ""rn)

max{pg(fl(rl,rz, ---;Tn));Pg(fz (ry, 72, ---:rn))}
ST (r, g, o, ) £ T (1,12, 0, 1) + 0(1)

the some inequality holds for quotients the equality

holds in / 1 1 \Pﬁf\

(it) ifpg(fl(rl,rz, ---;Tn)) 2 Pg(fz(rprz, ---:rn))- <logG | exp[p—l] (1-r)’ (i —1)’ |

Proof. Llet p, = pép](fl(rl,rz, .,T,)) and -1 / /
_ ,lpl

p2 = pg (fo(r,7s :Tn?) and  p; <p,. We . . ot

p

assume that  p S (fi(r, 12 1)) and - B Feumeey Dcpury \

pP (fo(r1,72, .., 7)) both are finite because if one tlogh| exp 1 /

of them or both are infinite inequality are evident A =1 /

for arbitrary € >0 and for all r,7,,..,7,0 < +0(1)

1,1y, -, Ty < 1, sufficiently close to 1 we have
1 1

Te (1,15, o) 1) | |
f 1,12 yIn ! !
| < 3logG exp[p—l] 1-7r) (1-1)

+ 1 \

1 1 \Pl S\ m/
\

J

1-r)'(A-r)’

< T, | expP~4 1

ey m / |' 1 1 p2te ‘|
n ) )
= 1log| G| explr—1l 1-m) A=) |
1 1 P1+€\ 3 1
— (1=’ "A-1n)
<logG | explp-1 | 17T (1 2)
.,m
and
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1 1 pate\ ©
< (1—7”1)'(1—7”2)’\

logG | explP~1l /
by lemma 1, forany o > 1

([ v

<T, | 2| explP-1l 1
T

Ty Te e, (ry, 12, s 1) <

1 /(1 —1r1) (1 —1r2)'\p2+£\
\ |

e ) /

W =

by lemma 2, since

log 2

+ log| explr—1

1 1 pateE

1-1)' (1- \
< gexpP~? 1-m) (1 r2) +0(1)
.,m

Ty ' Trwf, (11, 12, s )

1 1 pate
log!?! A-r)'a-r)
< expP3l 1 +0(1)

.,m

pé[)p] (f1(7'1,7'2, o Ty) + fo (Tl,TZ, ...,Tn)))

log[P] Tg_le1¢f2 (ryr2,0mn)
—log(1-r)(1-13)...(1-1) —

= hmrl,rz,...,rn—>1— sup

p2 t &

since € > 0 is arbitrary,

pép] (f1(r1,rz, e Tp) + fo(ry, 10, ...,rn))) < p,

1402
< max {pg)] (fl (rll L YT Tn)); pép] (fZ (rll T2y rn))}

which proves (i), for (ii), since

T 5, (1,12, o, 1) S Tp (11,73, 00, 1) +
Ty, (11,72, s T)

we obtain similarly as above
pg)] (fl(rll 3, .y rn).fz (Tll 72, ey Tn)))

< max {pg’] AGCH rn)),pg’] (fo(ry, 1, ...,rn))}
Let f = fif, and

PP (filr 1o 1)) < PP (Fo (i) o))
Then applying (ii), we have

pép] (fitrura ) < Pg;p] (o120 m))

again since f, = é applying the first part of (ii),

we have
pg (fZ (rll TZ' ey Tn))
< max {pgp] (f(ry, 73, ...,rn)),pép] AGH:S ...,rn))}
since
p‘g[]p] (fl(rlr TZ' L] Tn)) < Pg(fz (T'l, TZI ey rn))
we have
pép] (f(r1'r2' e Tn)) < Pg(fz (Tl, T, . ,T'n))

= max{PZ(ﬁ(rprz, "-'rn))' Pg(fz(rprz' ""Tn))}

when

Pg (fl(rlﬂrb ey Tn)) * Pg(fz (7"1,7"2, rrn))
this prove the theorem.

RELATIVE ORDER WITH RESPECT TO THE
DERIVATIVE OF AN ENTIRE FUNCTIONS
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Theorem 3. In the unit disc, f is analytic function

and g be transcendental entire having the property
(R), then

Pép] (fGurym)) = ,Dg,)] (f(r,7 1))

where g’ denotes the derivative of g . To prove the
theorem we require the following lemmas.

Lemma 3. [1] If g be transcendental entire, then
for all ry,7y, ..., 71,0 <1y,13, ..., 13, < 1, sufficiently
closeto 1 forany A > 0

. 1 1 1
7 ((1 )M A=) (A - rn)’l)

<2T,| 2 ! ! !
<212 (G Gy T

o|T,| 2 ! ! !
O (u—nﬂwl—nﬂ““%1—mﬂ)

Lemma 4. [1] If g be transcendental entire, then
forall ry,7y,...,71,0 < 1,13, ..., 1, < 1, sufficiently
closeto 1 forany A > 0

. 1 1 1
7 <(1 )M A=) (A Tn)l)

. 1 1
7 ((1 )V (A=) (A - Tn)l)

l 1 1 1
+°gQ1—nﬂ%1—mV““%1—mﬂ)

]

1403
1 1 1 )

75&1—nﬂ%1—wﬂ““%1—mﬂ

s 1 1
< lely <(1 )P A=)t (A Tn)l>

and

(a)

T 1 1 1
7 ((1 )M A=) (A rn)’1>

1 1 1

Where ¢, and A >0 be any number from the
definition of pg.’] (f(ry, 13, .., 1)) , we get for any
arbitrary € > 0

Tr (r, 19, e, 1) < T,

/ / 1 1 \Pg'f(r1ﬂ”2.--ﬂ”n)+€\
A-r)* A=) | I

[p-11| |
kexp \ ﬁ / /

for all 7,1y, ..,1,0 <71, 13, ..,1 <1, from (¢)
and by lemma 1 and lemma 2

forall r,7,,...,7,0 <1, 1y, ..., 1, < 1, sufficiently
closeto 1

Tf(rl,rz, v Ty) <

1 1 pé[;?]f(rl,rz,..,rn)+£

. S p-1] [ @-m)’ (1-12)’
Where a, is constant which is only dependent on [c]Ty | 2exp™® 1
ey S
PROOF OF THE THEOREM <
[p]
i P f(ri,ra,n)+e

Proof. We obtain for 17,1y, ..,1,0< (1_1T ),(1__1”} g f (172,70 \
T, Ty o, T, < 1, sufficiently close to 1 from the [c]logG | 2expP~! T
lemma 3 and lemma 4. - /
(c)
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from (d) we obtain similarly,

PLP](f(T1:T2; ""rn)) < ng](f(r1'rz: ""Tn))

SO

ng](f(rl'TZ» ...,T'n)) = PL?](f(Tl, Ty, ...,Tn))
Hence prove the theorem.
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